When first writing Boolean algebra proofs, it is common to try to “use” subtraction, SCORE: /15 PTS
except that subtraction doesn’t exist in a Boolean algebra. It is then common to try to define subtraction as adding the complement.
This question shows why that definition also doesn’t produce the desired result.

Justify the correct steps of the following INVALID proof by filling in the corresponding blanks,

and explain very briefly the error in the incorrect step.

“Given a Boolean algebra B, forall @, b,ce B,ifa+c=b+c¢,thena=0."

INVALID “PROOF”:

Let a,b,ce B suchthat a+c=b+c.

So, (a+c)+¢ =(b+c)+C by substitution. _
So, Gt (c*-tf) = b+ (,a—“'d) by  AS SOCIATIVE il

So, a +1=b+1 by COMPLEMENT L)

s§,a=bby ERRA . a+l= f;uo'!'a.

Prove the following statement using an element proof, SCORE: /25 PTS

For all A;B,C;U,ifAc_:B_andBgcc,then A-C=4,

LET ABC<U suen 7Har AS B mun RCF
L=T xe A-C

SO Xeh o XEC Ry DEFN of —

S5O0 X e&A

SO A-C SA &/ DEFuOF €

LeT XA

sO xeR py befF'N oF
So Xel  BY DEP oF
SO x¢ C Ry DEFN oF
SO Xeh i xEC
So xe A-C ry DEF'NoF —
so ASA-C gy DEFMNOF &

gm {0

So A-C2A Ry DeF'n oF =




State the Quotient-Remainder Theorem. Use correct English.
You may symbolic logic and set notation, if you use it correctly.
NOTE: You do NOT need to state the definitions of div and mod as part of the theorem.

For sl neZ s> pl de Z

SCORE: /6 PTS

THERE EX\ST UMBVE ¢ r ¢ & |

SUCH THe T nf,%“( > O 2r<d

Lot A={neZ:3|n} and B={neZ:3|n’} Provethat BC 4.
NOTE: A colon

' .SCORE: __ /45PTS
was nsed for “such that” in set builder notation to make the problem easier to read. '
LeT xeRR
SO0 XeFZ e 2|
SUPPSSE X A
SO XEZ or 3)X

BUY xeZ sp 3)x .
BY exercis€ 26 w SELTION 4.4 x rop 3 #0
By ORT | = 3%44 o X=34+2. FORSOME %g% |
Chse | -(X_,gﬁ*;) xl=g'i+.a)l: f%%u-e%n = zcz%uzcbwl
W Here 3%"-4-'1%@5% By cLoSmE ofF
- | | ADSEYL 5 AT -
5o %> piop 2, = |
SO 2% BY exernase 26 0 SetTion 44

CrsE 2 (x%gcb.‘_.z) e ;(%cb*z)"': Ggpr12gr = 3(3%14»4%.,,;)4. |

W ket 3%"4’4‘%4«\ L 1y cLOSURE OF

UNDE2. X AD 3
SO X Mo D e | ,
SO %,]/ <t By exXercise 26 n seeTiow <A
SO %413
SO x£3

BoT XeB (corTraDcTion)

so xe A gy corTRrADCTION
se IR A i»y peP/n oF &




Let U=1{1,2,3,4,5,6,7.8,9,10}. ' SCORE: ___/12PTS
Let A={x el :x isprime}.

Let B={xelU :xmod 4=3}.

Let C={xelU:3|(x-6)}.

Find 4° - (BUC).

NOTE: A colon was used for “such that” in set builder notation to make the problem easier to read.

A=1253,5 7} R=1277
A“: 11,4 6.%,9 10] C=§3,6,9]
| Rvc=13,6,7,47
A= (Bued= {1,4, 8107

Find and prove an explicit formula for the sequence defined recursively by SCORE: /35 PTS

a, =2a, +5fralneZ”, a=-2

O,= 2(-2)+5

Gy= 2(26245)+5 = 226D+ 2545

Ry = 2022+ 25+5)+5 = 222D+ 225+ 25,5
| Gn= 272y 52770

-2 2" e 5o

.28

i

W

ProoF BY M1 | |
BASIS STEP: O, = .27 -5 = -2
pDUSTve STEP: AssumME &, = 3 25 For some PRA keZ”

'QH'=Q(2\2L'L5>§§ = B'ZK'IO#S"
=3.2"-5
"= +
Ry MT 4, = 327 -5 sonmL neL




Two of the following three statements are false. SCORE: /12 PTS
Identify clearly, and provide a counterexample for, each false statement. Show that your counterexample proves the statement is false.
'NOTES: An explanation why a false statement is false is NOT encugh. A counterexample is required.
You do NOT need to prove the true statement is frue.

[a] Forall x, y € Z,if x and ¥ are both prime, and x — ¥ > 2., then x — ) is composite.
[b] The sum of two positive irrational numbers is irrational.
[¢] Forall x,ne Z",ifn22, (~x)modrn+xmodn=n.

laJ x:S,:j:z ARE ROTH PRIME
ng;g S e 2 S NST COMPOSITE

Lb:( N4JZ ave 2T ARE POSITIVE AnJD | RRXTIONAL
(Q*E)kCQf{?l): AN f“r LS RATIORAL



